Basis Light-Front Quantized Field Theory (BLFQ) is an ab intio Hamiltonian approach that adopts light-cone gauge, light-front quantization and stateof-the-art many-body methods to solve non-perturbative quantum field theory problems. By a suitable choice of basis, BLFQ retains the underlying symmetries to the extent allowed within light-front coordinates. In this talk, we outline the scheme for applying BLFQ to QCD bound state problems. We adopt a 2D Harmonic Oscillator with 1D plane wave basis that corresponds to the AdS/QCD soft-wall solution. Exact treatment of the symmetries will be discussed.
Introduction
Solving bound state problems arising in quantum chromodynamics (QCD) is the key to understand a series of important questions in physics. The solutions will provide consistent descriptions of the structure of mesons, baryons and also particles with "exotic" quanta beyond the scope of the constituent quark model. One salient challenge is to predict the spin content of the baryons. Furthermore, it could also help to explain the nature of confinement and dynamical chiral symmetry breaking. QCD bound states are strong coupling non-perturbative solutions that cannot be generated from perturbation theory. Among various non-perturbative methods, lightfront Hamiltonian quantization within a basis function approach has shown significant promise by capitalizing on both the advantages of light-front dynamics as well as the recent theoretical and computational achievements in quantum many-body theory. We begin with an overview of the light-front quantum field theory. We will then introduce the Basis Light-Front Quantized Field theory (BLFQ) and its application to bound state problems in quantum field theory.
Light-front quantum field theory
The idea of quantization on a light-front surface was first considered by Paul Dirac in 1949 in his famous investigation of forms of relativistic dynamics [1] . Light-front quantum field theory is quantized on a light-front plane x + ≡ x 0 + x 3 = 0 and evolves according to light-front time x + . It is convenient to define light-front variables [2, 3] .
Let M µν , P µ be the generators of the Poincaré symmetry.
are the equal-time angular momentum and boost generators respectively. The light-front rotation and boost generators are
. According to Dirac, in light-front dynamics the number of kinematic operators of the Poincaré algebra is maximal:
The kinematic feature of the the light-front boost generators E − , E ⊥ provides convenience in evaluating matrix elements of certain experimental observables where the initial and final states differ by a boost. Note however that the total angular momentum operator is dynamic in light-front dynamics.
Irreducible representations can be identified with mutually commuting operators or compatible operators. It is customary to take the set of compatible operators as
P + is the longitudinal projection of the light-front spin [3] . Note that in relativistic dynamics, the total angular momentum operator
is generally different from the total spin operator
They have to be diagonalized simultaneously at x + = 0:
It is conventional to call P 2 the "light-cone Hamiltonian" H lc ≡ P 2 . It is convenient to express this light-cone Hamiltonian in terms of kinetic energy and potential energy,
lc , resembles the non-relativistic kinetic energy,
where "a" represents the quark or gluon constituent and P ⊥ = a p ⊥ a is the total transverse Center-of-Mass (CM) momentum while x a = p + a P + is the longitudinal momentum fraction carried by each constituent.
The triviality of the Fock space vacuum provides a strong appeal for the Fock space representation of the quantum field theory [2] . The Fock space expansion of an eigenstate in a plane-wave basis reads,
is called the light-front wavefunction (LFWF). LFWFs are boost-invariant, namely frame independent, following the boost-invariance of the light-cone Hamiltonian and the pure kinematic character of the light-front boosts. In practice, a non-perturbative diagonalization of the Hamiltonian can only be achieved in a finite-truncated Fock space. The Tamm-Dancoff approximation (TDA) introduces a truncation based on Fock sectors. The rationale of the TDA is founded on the success of the constituent quark model, according to which the hadrons can be approximated by a few particles as in the leading Fock space representation [6] . However, there are also new challenges in light-front TDA. Fock sector truncation breaks rotational symmetry. As a result, the total spin J in a truncated calculation is no longer a good quantum number.
Basis light-front quantized field theory
Basis Light-Front Quantization (BLFQ) is an ab inito Hamiltonian approach to lightfront quantum field theory that adopts a complete set of orthonormal single-particle basis functions for field expansions resulting in Fock space basis states |φ i expressed in terms of these single-particle basis states [7] . In the Fock space basis, the Hamiltonian and eigenstates become,
The system of equations (1a) is reformulated as a standard eigenvalue problem,
which is then truncated and solved numerically. The full field theory is restored in the continuum limit and the complete Fock sectors limit of the Hamiltonian many-body dynamics.
In principle, the choice of the basis functions is arbitrary but subject to the conditions of completeness and orthonormality. Basis functions preserving the kinematic symmetries can dramatically reduce the dimensionality of the problem for a specific accuracy. Basis functions emulating the correct asymptotic behavior of the solution can accelerate the convergence. BLFQ adopts a light-front basis comprised of plane-wave functions in the longitudinal direction and 2D Harmonic Oscillator (HO) functions in the transverse direction. The transverse HO basis states are generated by the following operator [8] ,
where r
(at x + = 0) is the transverse position operator 2 . The adoption of the BLFQ basis exploits known similarity between light-front dynamics and non-relativistic dynamics, and is consistent with the recent development of the AdS/QCD [9, 10] . In momentum space, the single-particle basis functions are given in terms of the generalized Laguerre polynomials L α n by,
which are associated with the HO eigenvalues E n,m = (2n + |m| + 1)Ω. x is the longitudinal momentum fraction. We can identify the HO energy scale parameter b = √ P + Ω comparing with b = √ M Ω used in the non-relativistic HO basis [11] [12] [13] . The orthonormality of the basis functions reads,
To introduce a finite truncation, BLFQ selects a particular finite subset of the basis space. In the longitudinal direction, we confine the longitudinal coordinate −L ≤ x − ≤ +L with periodic boundary condition for bosons and anti-periodic boundary condition for fermions. Thus the longitudinal momentum p + is discretized as,
where L is the length of the longitudinal box. We omit the zero-modes for the bosons in the calculations that follow. In the transverse direction, we select the Fock space basis states by,
Let P denote the projection operator for the truncated basis space. Then for a basis state |α ≡ |n 1 , m 1 ,
A symmetry may be broken by the basis truncation. For example, let A be a conserved operator and [H lc , A] = 0. Then in the truncated basis space, the commutator becomes
For the transverse truncation, the commutation relation survives if [A, P
ho + ] = 0. The proof is as following:
Among all generators of the Poincaré symmetry, a complete set of compatible operators (including the Hamiltonian) is particularly useful for solving Eq. (5), as the Hamiltonian is block diagonal with respect to the mutual eigenstates. A distinguishing feature of the BLFQ basis with the finite truncation is that it preserves the set of compatible kinematic operators. We define P
With some effort, one can show that {H lc , P + , P cm + , J 3 , J 3 } is a set of mutually commuting operators and [P + , P
Therefore in the finite basis space the truncated operators,
still form a set of compatible operators.
For simplicity, we will omit the projection operator when there is no danger of confusion. For example, the compatible operators in the finite-truncated basis space will be denoted as, {H lc , P + , P cm + , J 3 , J 3 }. The compatible operators allow us to further fix the total longitudinal momentum and the angular momentum projection of the system from the kinematic construction:
where σ a is the spin projection of the a-th constituent. Due to the boost invariance, the light-cone Hamiltonian depends on the longitudinal momentum fractions x a = ka K instead of p + a . Therefore, for a fixed L, the continuum limit is also achieved by taking K → ∞, N max → ∞.
We also take advantage of the internal symmetries to fix the charge Q = a Q a , baryon number B = a B a , color projection and the total color, that is, color configurations are restricted to color-singlet configurations.
Let HO states |N, M be the mutual eigenstates of P cm + and L 3 ≡ J 3 − J 3 = R 1 P 2 − R 2 P 1 associated with the eigenvalues E cm = E N,M ≡ (2N + |M | + 1)Ω and M , respectively. Then the eigenvalue M j of the light-front spin projection J 3 can be expressed in terms of the eigenvalues of J 3 and L 3 as M j = M j − M . The eigenstates of P 2 can be identified with the eigenvalues of the compatible opera-
Therefore, the finite BLFQ basis admits an exact factorization of the center-of-mass motion [14] . The light-cone Hamiltonian H lc = H (0) lc + V int only acts on the intrinsic part of the wavefunction. So different CM states are degenerate. It is useful to introduce Lagrange multipliers in the Hamiltonian [15] :
where λ cm > 0 and |λ b | < λ cm . The eigenvalues of the light-cone Hamiltonian become
The CM excitations are driven to high energy with sufficiently large λ cm . Fig. 1 shows the use of Lagrange multipliers to lift the degeneracies of the states in a numerical calculation of a positronium model. To separate the CM part and the intrinsic part in the basis functions in singleparticle coordinates, we introduce the generalized 2D Talmi-Moshinsky (TM) transformation [16] ,
, (14) where
and p = 
Basis light-front quantization applied to QED
In recent applications to QED, Honkanen et al. and Zhao, et al. calculated the electron anomalous magnetic moment and obtained high precision results [11, 12] . Here we present an application of BLFQ to a highly regularized model of positronium in the Fock sectors |e − e + and |e − e + γ which complements the treatment of positronium presented in Ref. [13] .
We adopt a light-cone gauge A + = 0 for QED. The light-front QED interactions are shown in Fig. 2 which include the e → eγ vertex,
and two instantaneous vertices,
In this model, we take the coupling constant α = g 2 4π = 0.2 and the basis energy scale b = √ P + Ω = 0.3m e , where m e = 0.511 MeV is the mass of the electron. We adopt a regulator for the light-front small-x singularity, 1 (x1−x2) 2 → 1 (x1−x2) 2 +ε with ε = 0.01 [8, 17] . We then construct the light-cone Hamiltonian matrix H matrix elements. The Hamiltonian matrix is a large sparse matrix. We diagonalize the matrix with the Lanczos method implemented by the ARPACK software [18] , which is particularly suitable for solving large sparse matrix eigenvalue problems. We obtain the positronium spectrum directly from the diagonalization. Fig. 4 (a) shows the positronium bound-state spectrum for light-front spin projections M j = 0, 1, 2 from the numerical calculations with N max = K = 12, M j = 0, 1, 2, 3; λ cm = 5, λ b = 0. Some of the states in the figure are nearly degenerate. We have put a label n to the left of each bar to indicate the existence of n states around each bar in Fig. 4(a) . In the light-front TDA, the total spin J is only approximate. We can identify the total spin by counting the approximate degeneracy of particles with different M j [3] . Fig. 4(b) shows the states with M j = 0 identified by their total spin J . The energy splitting between the singlet state (J = 0, M j = 0) and the triplet state (J = 1, M j = 0) is the fine splitting (Shown in Fig. 4(a) ). The non-relativistic quantum mechanics gives a fine splitting for the ground state E triplet −E singlet = 1 3 α 4 m e ≃ 5.33×10 −4 m e [21] . In our calculation, the fine splitting is 2.77×10 −4 m e , which is the correct order of magnitude and is reasonable given that we have a relativistic treatment (important for strong coupling) and our implementation of regulators.
Conclusions and outlook
We have introduced the Basis Light-Front Quantization (BLFQ) approach to the QCD bound-state problem and analyzed the symmetries of the finite basis space. BLFQ converts the field theory problem into a form where we can take advantage of the recent advances in quantum many-body problems and the state-of-the-art methods developed for large sparse matrix eigenvalue problem. The compatible operators provide a means to identify states. We have shown the exact factorization of the center-of-mass motion in the finite basis space. They also allow us to reduce the dimensionality of the problem dramatically for a given level of accuracy, as we have demonstrated in the positronium model. BLFQ has retained the kinematic symmetries of the underlying Hamiltonian. We also introduced a generalized 2D TalmiMoshinsky transformation to relate internal motions to a fixed coordinate system. Finally we have applied BLFQ to QED and obtained the positronium bound-state spectrum.
To obtain physical results, one must perform renormalization. There are three types of divergences existing in the light-front quantized field theory: the ultraviolet divergence, the infrared divergence and the spurious small-x divergence. Various schemes have been developed to address these issues (for example [13, 17, 19, 20] ).
As a non-perturbative ab inito Hamiltonian approach to QFT, BLFQ requires major computational efforts. Thanks to the rapid advances in supercomputing, we foresee promising applications of BLFQ to understanding the structure of QCD bound states.
Appendix A: Talmi-Moshinsky transformation
Consider the exponential generating function of the 2D HO wavefunctions Ψ m n (q),
where, q = p √ x , z = |z|/ √ P + Ω, θ = arg z. If we define,
where ξ = arctan 
where, z i = |z i |, Z = |Z|, z = |z|, θ i = arg z i , Θ = arg Z, θ = arg z. We can express Z, z, e iΘ , e iθ in terms of z 1 , z 2 , e iθ1 , e θ2 and identify the corresponding coefficients. 
where v i = n i + 
